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UNIVERSALITY OF L-FUNCTIONS OVER FUNCTION FIELDS
J. C. ANDRADE AND S. M. GONEK
ABSTRACT. We prove that the Dirichlet L-functions associated to Dirichlet
characters in Fq [x] are universal. That is, given a modulus of high enough de-
gree, L-functions with characters to this modulus can be found that approximate
any given nonvanishing analytic function arbitrarily closely.
1. INTRODUCTION
Let s = σ + it and let ζ(s) denote the Riemann zeta function. In 1975 S. M.
Voronin [14] proved the following remarkable “universality” theorem.
Theorem 1 (Voronin). Let Dr be the open disc of radius 0 < r < 1/4 centered
at s = 3/4 and let F (s) be a function that is analytic in Dr, continuous on Dr,
the closure of Dr , and nonvanishing on Dr. Then for any ǫ > 0 there exist real
numbers τ →∞ such that
max
s∈Dr
|ζ(s+ iτ)− F (s)| < ǫ. (1)
This was soon extended in various directions by A. Good [6], S. M. Gonek [4],
Bagchi [2, 3], Reich [10, 11], and Voronin [15, 16, 17, 18] himself. For instance,
Gonek and Bagchi independently showed that the disc Dr could be replaced by
an arbitrary compact subset K in the strip 12 < σ < 1 whose complement is
connected. Another direction was to prove universality for Dirichlet L-functions,
Hurwitz and Epstein zeta functions, and a variety of other Dirichlet series. Implicit
in the proofs of these results, though not always stated, was that the set of transla-
tion numbers τ has positive proportion. That is, the measure of the set of τ ∈ [0, T ]
satisfying (1) is ≥ cT for all sufficiently large T , where c is a positive constant.
Another version of universality, first proved by Gonek and independently soon
after by Bagchi is
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Theorem 2 (Gonek, Bagchi). Let C be a compact subset in the strip 12 < σ < 1
whose complement is connected, and let F (s) be a nonvanishing function that
is analytic in the interior of C and continuous on C . Then for any ǫ > 0 and
sufficiently large integer q, there exists a Dirichlet character χ (modq) such that
the Dirichlet L-function L(s, χ) satisfies
max
s∈K
|L(s, χ)− F (s)| < ǫ. (2)
Here too it is implicit in the proofs that a positive proportion of the φ(q) char-
acters χ(modq) satisfy (2).
Over the years, a large number of papers on various aspects of universality have
appeared. Good general surveys are Matsumoto’s paper [9] and the monographs
by Laurincˇikas [8] and by Steuding [13]. The work of Liza Jones [7] on a random
matrix analog of Voronin’s theorem for characteristic polynomials associated to
unitary, orthogonal and symplectic random matrices is also relevant. As far as we
are aware, however, no one has extended the concept of universality to L-functions
over function fields. Our goal here is to prove such a result. It will be obvious to
those familiar with the area of universality that numerous extensions of our theorem
are possible.
We first introduce some of the basic notation for function fields. Let Fq be a
finite field with q elements, where q is odd, and let Fq[x] be the polynomial ring
over Fq in the variable x. If f is a nonzero polynomial in Fq[x], we define the norm
of f to be |f | = qdegf . If f = 0, we set |f | = 0. A monic irreducible polynomial
P is called a prime polynomial or simply a prime. The L-function corresponding
to an odd Dirichlet character χ modulo Q is given by the Euler product
L(s, χ) =
∏
P prime
(1− χ(P )|P |−s)−1 Re (s) > 1,
where s is a complex variable and Q is a monic polynomial. Multiplying out, we
obtain the Dirichlet series representation
L(s, χ) =
∑
f monic
χ(f)
|f |s
Re (s) > 1.
It is sometimes convenient to work with the equivalent functions written in terms
of the variable u = q−s, namely,
L(u, χ) =
∏
P prime
(1− χ(P )udegP )−1 |u| < 1/q (3)
and
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L(u, χ) =
∑
f monic
χ(f)udegf |u| < 1/q. (4)
We refer to these pairs of equivalent expressions as the s-forms and u-forms of the
L-function, respectively.
It turns out that L(u, χ) is actually a polynomial of degree 2 degQ − 1 (see
Rosen [12], Proposition 4.3), and it satisfies a Riemann hypothesis (see Weil [19]).
That is, all its zeros lie on the circle |u| = q−
1
2 . It follows that we may write
L(u, χ) =
2 degQ−1∏
j=1
(1− αju),
where the αj = q
1
2 e(−θj), j = 1, 2 . . . , 2 degQ − 1 are the reciprocals of the
roots uj = q
− 1
2 e(θj) of L(u, χ). (Throughout we write e(x) to denote e
2πix.) In
particular, the restriction |u| < 1/q in (4) (but not in (3)) may be deleted.
We may now state our first version of the universality theorem. Recall that if
f ∈ Fq[x], Euler’s phi function φ(f) is the number of non-zero polynomials of
degree less than deg(f) and relatively prime to f .
Theorem 3. Let U = {u : q−1 < |u| < q−
1
2 } and let C be a compact subset
of U whose complement in U is connected. Let F(u) be a nonvanishing analytic
function on the interior of C that is continuous on the boundary of C. Then for any
ǫ > 0 and monic polynomial Q of large enough degree, there exists a Dirichlet
character χ (modQ) such that
max
u∈C
|L(u, χ) −F(u)| < ǫ. (5)
Moreover, (5) holds for a positive proportion of the φ(Q) characters χ (modQ).
The theorem may also be formulated in terms of the variable s.
Theorem 4. Let U be the open rectangle with vertices 12 , 1, 1 + i
2π
log q ,
1
2 + i
2π
log q
and let C be a compact subset of U whose complement in U is connected. Let F (s)
be a nonvanishing function that is analytic on the interior of C and continuous on
the boundary of C . Then for any ǫ > 0 and monic polynomial Q of large enough
degree, there exists a Dirichlet character χ (modQ) such that
max
u∈C
|L(s, χ)− F (s)| < ǫ. (6)
Moreover, (6) holds for a positive proportion of the φ(Q) characters χ (modQ).
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2. BASIC LEMMAS ON L-FUNCTIONS AND ARITHMETIC IN FUNCTION FIELDS
In this section we introduce several lemmas we require for the proof of Theo-
rem 3. A version of our first lemma appears in [1]. The proof of the statement here
is virtually identical (see Remark 2 of [1]).
Lemma 5 (The hybrid formula for L(u, χ)). LetK ≥ 0 be an integer and let
PK(u, χ) = exp
(
K∑
k=1
∑
f monic
deg f=k
Λ(f)χ(f)uk
k
)
, (7)
where Λ(f) = degP if f = Pn for some prime polynomial P , and Λ(f) = 0
otherwise. Also set
ZK(u, χ) = exp
(
−
2 degQ−1∑
j=1
(∑
k>K
(αju)
k
k
))
. (8)
Then for χ 6= χ0 and |u| ≤ q
−1/2,
L(u, χ) = PK(u, χ)ZK(u, χ).
Lemma 6. LetQ be a monic polynomial of degree greater than zero, χ a character
(modQ), and K ≥ 1 an integer. If σ0 >
1
2 , then uniformly for σ ≥ σ0 we have
L(s, χ) = PK(s, χ)
(
1 +O
(degQ
K
q(
1
2
−σ)K
))
, (9)
where
PK(s, χ) = exp
( ∑
1≤deg P≤K
[K/deg P ]∑
j=1
χ(P j)
j|P |js
)
, (10)
Λ(f) = degP if f = Pn for some prime polynomial P , and Λ(f) = 0 otherwise.
The constant implicit in the O-term depends at most on q and σ0.
Proof. It is not difficult to see that if u is replaced by q−s in (7), we obtain PK(s, χ).
Making this substitution in (8) also, and assuming that σ > 12 , we find that
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| logZK(u, χ)| =
∣∣∣∣
2 degQ−1∑
j=1
∑
k>K
(αju)
k
k
∣∣∣∣ ≤ 2 degQ∑
k>K
q(
1
2
−σ)k
k
≤
2 degQ q(
1
2
−σ)K
K(1− q
1
2
−σ)
≪σ0,q
degQ q(
1
2
−σ)K
K
.
Equation (9) follows from this. 
Lemma 7. Let Q be a monic polynomial of degree greater than one. Then Euler’s
phi function satisfies the bound
φ(Q)≫
|Q|
logq(degQ)
, (11)
where logq is the logarithm to the base q.
Proof. We have
φ(Q) = |Q|
∏
P |Q
(
1−
1
|P |
)
.
As a function of |Q|, this will clearly be smallest when Q is a product of all the
primes of degree 1, times all the primes of degree 2, and so on up to the primes of
degree n, say. In that case we have
φ(Q)
|Q|
=
∏
j≤n
(
1−
1
qj
)πq(j)
= exp
(∑
j≤n
πq(j) log(1− q
−j)
)
.
The sum in the exponential function equals
−
∑
j≤n
(qj
j
+O
(qj/2
j
))(
q−j +O(q−2j)
)
=−
∑
j≤n
1
j
+O(q−1/2)
=− log n+O(1).
Hence,
φ(Q)
|Q|
≫
1
n
. (12)
Now
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|Q| =
∏
j≤n
qjπq(j) =
∏
j≤n
qj (q
j/j+O(qj/2/j))
=qq
n(1+O(q−1)).
Thus, degQ = qn(1 + O(q−1)) and logq(degQ) = n + O(1/(q log q)). Using
this in (12) we obtain the assertion of the lemma. 
Lemma 8. Let N be a set of distinct polynomials and Q a monic polynomial. If
the norm of each element of N is less than |Q|, then
∑
χ (mod Q)
∣∣∣∣ ∑
N∈N
aNχ(N)
∣∣∣∣
2
= φ(Q)
∑
N∈N
|aN |
2 .
This follows from the orthogonality relations for Dirichlet characters in function
fields as presented in [12, Proposition 4.2].
3. LEMMAS ON DIOPHANTINE APPROXIMATION
The lemmas in this section are of similar nature as those proved in Gonek and
Montgomery [5]. The first is exactly as in [5], the others are character analogues
of lemmas there.
Lemma 9. Let K be a positive integer, and suppose that 0 < δ ≤ 1/2. There is a
trigonometric polynomial f(θ) of the form
f(θ) =
K∑
k=0
cke(kθ) (13)
such that maxθ |f(θ)| = f(0) = 1 and |f(θ)| ≤ 2e
−πKδ for δ ≤ θ ≤ 1− δ.
Let Q be a monic polynomial and let PQ be a finite set of primes P coprime
to Q. For given real numbers 0 ≤ θP < 1, P ∈ PQ, we want to show that if |Q|
is large enough, there exist Dirichlet characters χ (mod Q) such that
∥∥∥argχ(P )
2π
− θP
∥∥∥ < δ (P ∈ PQ).
To this end we set
g(χ) =
∏
P∈PQ
∣∣∣f(argχ(P )
2π
− θP
)∣∣∣2, (14)
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where f is defined as in Lemma 9.
Lemma 10. Let PQ be a fixed set of primes coprime to Q, and for P ∈ PQ let
numbers θP ∈ [0, 1) be given. If g(χ) is defined as in (14), and κ =
∫ 1
0 |f(θ)|
2 dθ,
then
∑
χ 6=χ0 (mod Q)
g(χ) =
(
φ(Q) +O(|PQ|
K)
)
κ|PQ| . (15)
Proof. From (13) we see that
∏
P∈PQ
f
(argχ(P )
2π
− θP
)
=
∏
p∈PQ
( K∑
k=0
ckχ(P
k)e(−kθP )
)
=
∑
N∈NQ
aNχ(N),
where NQ is the set of monic polynomials composed entirely of primes in PQ,
with multiplicities not exceeding K and
aN =
∏
P∈PQ
P k‖N
cke(−kθP ) .
Here the product is extended over all members of PQ, not just those dividing N .
By Lemma 8,
∑
χ (mod Q)
∣∣∣∣ ∑
N∈NQ
aNχ(N)
∣∣∣∣
2
= φ(Q)
∑
N∈NQ
|aN |
2 .
Wewish to remove the principal character from the sum on the left. By the Cauchy-
Schwarz inequality, its contribution is
∣∣∣∣ ∑
N∈NQ
aN
∣∣∣∣
2
≤ |NQ|
∑
N∈NQ
|aN |
2.
The cardinality of NQ is clearly ≤ |PQ|
K . Hence,
∑
χ 6=χ0 (mod Q)
∣∣∣∣ ∑
N∈NQ
aNχ(N)
∣∣∣∣
2
= (φ(Q) +O(|PQ|
K))
∑
N∈NQ
|aN |
2 .
Now
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∑
N∈NQ
|aN |
2 =
( K∑
k=0
|ck|
2
)|PQ|
= κ|PQ|,
so we obtain the stated result. 
To apply Lemma 10 we need estimates for the parameter
κ =
∫ 1
0
|f(θ)|2dθ.
Since
1 = |f(0)|2 =
∣∣∣∣
K∑
k=0
ck
∣∣∣∣
2
≤ (K + 1)
K∑
k=0
|ck|
2,
by Cauchy’s inequality, we find that
1
K + 1
≤ κ ≤ 1. (16)
Suppose next that the primes in PQ are all of degree at most ρ. In order that
the main term in (15) should be larger than the error term, we take
ρ = logq(degQ), K =
[ degQ
2 logq(degQ)
]
, δ =
(logq(degQ))
2
degQ
. (17)
Then
|PQ|
K ≪ (qρ/ρ)K ≪ |Q|1/2. (18)
The function g(χ) is large when the numbers
∥∥argχ(P )
2π − θP
∥∥ are small, but we
need a peak function that is positive only when all of these numbers are < δ. We
therefore define
h(χ) =
∏
P∈PQ
∣∣∣f(argχ(P )
2π
− θP
)∣∣∣2 − ε ∑
P1∈PQ
∏
P∈PQ
P 6=P1
∣∣∣f(argχ(P )
2π
− θP
)∣∣∣2,
(19)
where ε = 4q−2πKδ. Note that if for some χ there is a prime P1 ∈ PQ for which
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∥∥∥argχ(P1)
2π
− θP1
∥∥∥ > δ,
then
∣∣∣f(argχ(P1)
2π
− θP1
)∣∣∣2 ≤ ε
by Lemma 9, and so h(χ) ≤ 0.
Lemma 11. With f(θ) defined as in Lemma 9, h(χ) defined as in (19), and param-
eters chosen as in (17),
∑
χ 6=χ0 ( mod Q)
h(χ) = (1 +O(1/degQ))κ|PQ|φ(Q) . (20)
Proof. By Lemma 10 and (18) we see that the sum above is
=
(
φ(Q) +O(|Q|1/2)
)
κ|PQ| +O
(
ε|PQ|φ(Q)κ
|PQ|−1
)
.
Since |PQ| ≪ q
ρ/ρ ≤ degQ, 1/κ≪ degQ by (16) and (17), and ε < (degQ)−3,
it follows that this last error term is≪ φ(Q)κ|PQ|/degQ. Using (11) to estimate
the first O-term, we obtain (20). 
Bymeans of these lemmas we see that there are characters χ ( modQ) at which
the primes P with degP ≤ ρ and P coprime to Q behave as we want. However,
for our application to universality we also need to know that for these “good” char-
acters, the primes of larger degree, say those with ρ < degP ≤ z, do not always
make too large a contribution. To eliminate this possibility we establish one final
lemma.
Lemma 12. Let g(χ) be defined as in (14) where PQ is the set of all primes with
degP not exceeding ρ that are coprime to Q. For the primes with ρ < degP ≤ z,
let the functions bP (s) have the property that |bP (s)| ≤ 1/|P |
σ , where σ > 12 .
Then
∑
χ ( mod Q)
g(χ)
∣∣∣∣ ∑
ρ<degP≤z
bP (s)χ(P )
∣∣∣∣
2
≪ φ(Q)κ|PQ|
qρ(1−2σ)
ρ
.
Proof. Let NQ and aN be defined as in the proof of Lemma 10, and let the func-
tions CM (s) be determined by the identity
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( ∑
N∈NQ
aN χ(N)
)( ∑
x<deg P≤z
bP (s)χ(P )
)
=
∑
M
CM (s)χ(M) .
If we assume the norm ofQ is greater than the norm of everyM , then by Lemma 8,
∑
χ ( mod Q)
∣∣∣∑
M
CM (s)χ(M)
∣∣∣2 dt = φ(Q)∑
M
|CM (s)|
2 .
We note that a monic polynomial M has at most one decomposition M = NP
with N ∈ NQ and ρ < degP ≤ z. In the main term we have
∑
M
|CM (s)|
2 =
( ∑
N∈NQ
|aN |
2
)( ∑
ρ<degP≤z
|bP (s)|
2
)
.
Here the sum over N is κ|PQ|, and the sum over P is
≪
∑
ρ<degP≤z
|P |−2σ ≪
qρ(1−2σ)
ρ
.
Thus we have the result. 
4. LEMMAS ON APPROXIMATING ANALYTIC FUNCTIONS BY DIRICHLET
POLYNOMIALS
We remind the reader that a multiset is a set in which each element may be
repeated a finite number of times. Our next lemma is a minor modification of
Lemma 2.2 of Gonek [4].
Lemma 13. Let Λ be an infinite multiset of real numbers whose counting function
satisfies
NΛ(x) =
∑
λ∈Λ
λ≤x
1≪ ex, (21)
and for any fixed c > 0
NΛ(x+ c/x
2)−NΛ(x)≫
ex
x3
. (22)
Let C be a simply connected compact set in the strip 1/2 < σ1 < σ2 < 1 and
suppose that F (s) is continuous on C and analytic in the interior of C . Then for
each µ > 0 there is a ρ0 > µ such that if ρ ≥ ρ0, there are numbers θλ ∈ [0, 1)
such that
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max
s∈C
∣∣∣∣∣F (s)−
∑
λ∈Λ
µ<eλ≤ρ
e(θλ)e
−λs
∣∣∣∣∣≪ µ−1/2. (23)
Here ρ0 depends at most on σ1, σ2, C,Λ, F (s), and µ, while the implied constant
in the last inequality depends on at most σ1, σ2, C , and Λ.
In [4] this lemma is stated for sets rather than multisets. However, by adding
small distinct shifts to identical elements of Λ, we can apply the original version
of the lemma without affecting either (21) or (22). Then, letting the shifts tend to
zero, we recover (23) by continuity.
From now on we let Q denote either
(a) the set of all prime polynomials P , or
(b) the set of all polynomials of the form P a11 P
a2
2 · · ·P
ar
r , where ai ∈ N∪{0}
and P1, . . . , Pr are a fixed set of prime polynomials.
For Q ∈ Q, we apply Lemma 13 to the multiset
ΛQ = {log |P | : P ∤ Q}.
To see that NΛQ(x) satisfies the conditions of the lemma, first note that
NΛQ(x) =
∑
log |P |≤x
(P,Q)=1
1 ≤
∑
deg P≤x/ log q
1 =
[x/ log q]∑
j=1
πq(j)
≪
[x/ log q]∑
j=1
qj
j
≪
ex
x
.
Second, if ω(Q) is the number of distinct primes dividing Q, then we have
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NΛQ(x+ c/x
2)−NΛQ(x) =
∑
x<log |P |≤x+c/x2
P ∤Q
1 ≥
( ∑
x
log q
<deg P≤ x+c/x
2
log q
1
)
− ω(Q)
=
( ∑
x
log q
<j≤ x+c/x
2
log q
πq(j)
)
− ω(Q)
≫
( ∑
x
log q
<j≤ x+c/x
2
log q
qj
j
)
− ω(Q)≫
ex
x3
− ω(Q).
Note that for Q ∈ Q this is≫ ex/x3 because ω(Q) is bounded. Thus, we have
Lemma 14. Let Q be as above. Let C be a simply connected compact set in the
strip 1/2 < σ1 < σ2 < 1 and suppose that f(s) is continuous on C and analytic
in the interior of C . Then for each µ > 0 there is a ρ0 > µ such that if ρ ≥ ρ0,
there are numbers θP ∈ [0, 1) such that for all Q ∈ Q,
max
s∈C
∣∣∣∣∣f(s)−
∑
µ<|P |≤ρ
P ∤Q=1
e(θP )
|P |s
∣∣∣∣∣≪ q−µ/2.
Here ρ0 depends at most on σ1, σ2, C,Λ, f(s), and µ, while the implied constant
in the last inequality depends on at most σ1, σ2, C , and Λ.
5. PROOF OF THEOREM 4
We recall that C is a compact subset of the open rectangle U with vertices
1
2 , 1, 1 + i
2π
log q ,
1
2 + i
2π
log q whose complement in U is connected. Also, F (s) is
analytic on the interior of C , continuous on the boundary, and nonvanishing on C .
It follows that there is an analytic branch of logarithm of F (s) on the interior of C
that is continuous on the boundary of C . We denote it by f(s). We wish to show
that for every ǫ > 0 and monic polynomial Q of large enough degree, a positive
proportion of the φ(Q) Dirichlet characters χ (modQ) satisfy
max
s∈C
|L(s, χ)− ef(s)| < ǫ.
Let σ0 = 1/2 + d, where d = min
s∈C
(σ − 12 ) > 0. By Lemma 6 with the
parameters K and Q large and to be chosen later, we have
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logL(s, χ) = log PK(s, χ) +O
(degQ
K
q−dK
)
, (24)
where PK(s, χ) is defined in (10) and the implied constant depends on σ0 and q.
Next let 1 ≤ µ < ρ with ρ < K and write
logPK(s, χ) =
∑
degP≤µ
[K/deg P ]∑
j=1
χ(P j)
j|P |js
+
∑
µ<deg P≤ρ
χ(P )
|P |s
+
∑
ρ≤deg P≤K
χ(P )
|P |s
+
∑
µ≤deg P≤K
[K/deg P ]∑
j=2
χ(P j)
j|P |js
=f1(s, χ) + f2(s, χ) + f3(s, χ) + f4(s, χ).
(25)
Clearly, for s ∈ C we have
f4(s, χ)≪
∑
µ<deg P≤K
1
|P |2σ0
=
∑
µ<k≤K
πq(k)
|Q|2kσ0
≪
∑
µ<k≤K
1
k|Q|k(2σ0−1)
≪µ−1|Q|−2dµ.
Thus, combining this with (24) and (25), we see that
logL(s, χ) =f1(s, χ) + f2(s, χ) + f3(s, χ) +O(µ
−1|Q|−2dµ)
+O
(degQ
K
q−dK
)
.
(26)
Now define
f1(s) =
∑
deg P≤µ
P ∤Q
[K/deg P ]∑
j=1
1
j|P |js
and apply Lemma 14 to the function f(s) − f1(s), which is also analytic on the
interior of C and continuous on C . Then we see that for each µ > 0 there is a
ρ0 > µ such that if ρ ≥ ρ0, there are numbers θP ∈ [0, 1) such that for all Q ∈ Q,
max
s∈C
∣∣∣∣∣f(s)− f1(s)−
∑
µ<degP≤ρ
P ∤Q
e(θP )
|P |s
∣∣∣∣∣≪ q−µ/2. (27)
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Here ρ0 depends at most on σ0, C,Λ, f(s), and µ, while the implied constant in
the last inequality depends at most on σ0, C , and Λ. Combining (26) and (27), we
obtain
logL(s, χ)− f(s) =
(
f1(s, χ)− f1(s)
)
+
(
f2(s, χ)−
∑
µ<deg P≤ρ
P ∤Q
e(θP )
|P |s
)
+ f3(s, χ)
+O(µ−1|Q|−2dµ) +O(q−µ/2) +O
(degQ
K
q−dK
)
.
(28)
Suppose next that there exists a Dirichlet character χ (mod Q) such that for
P ∈ PQ, P ∤ Q


∥∥∥argχ(P )2π ∥∥∥ < δ if degP ≤ µ,∥∥∥argχ(P )2π − θP∥∥∥ < δ if P ∈ PQ, µ < degP ≤ ρ. (29)
Since |e2πiθ − 1| ≤ ‖θ‖ for all real numbers θ, the two terms preceding f3 on the
right-hand side of (28) are
≪δ
∑
degP≤µ
[K/deg P ]∑
j=1
1
|P |jσ0
+ δ
∑
µ<deg P≤ρ
1
|P |σ0
≪δ
∑
1≤m≤ρ
∑
P
deg P=m
1
qmσ0
≪ δ
∑
1≤m≤ρ
qm
mqmσ0
≪δ
q(ρ+1)(1−σ0)
ρ
.
From this and (28) it follows that that if χ satisfies (29), then for s ∈ C ,
logL(s, χ)− f(s) =f3(s, χ) +O(µ
−1|Q|−2dµ) +O(q−µ/2) +O
(
δ
q(ρ+1)(1−σ0)
ρ
)
+O
(degQ
K
q−dK
)
.
With the choice of the parameters ρ,K and δ in (17), we see that for χ as above
and s ∈ C we can make the first two O-terms each less than ǫ/8, say, by taking µ
sufficiently large. The third O-term is
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≪
√
q
degQ
,
and the fourth is
≪ logq(degQ)q
−ddegQ/ logq(degQ).
Clearly each of these can be made less than ǫ/8 by taking degQ sufficiently large.
Thus, for χ as above,
max
s∈C
| logL(s, χ)− f(s)− f3(s, χ)| < ǫ/2. (30)
Next, we set
M(χ) = max
s∈C
|f3(s, χ)|
and use Lemma 12 and (17) to see that
∑
χ ( mod Q)
g(χ)|M(χ)|2 ≪ φ(Q)κ|PQ |
qρ(1−2σ0)
ρ
≪ φ(Q)κ|PQ|q−2dρ
=
φ(Q)κ|PQ |
(degQ)2d
.
(31)
Setting h+(χ) = max(0, h(χ)), we see that for all χ
h(χ) ≤ h+(χ) ≤ g(χ).
Thus, by Lemmas 10 and 11
∑
χ 6=χ0 ( mod Q)
h+(χ) = (1 +O(1/degQ))κ|PQ|φ(Q) , (32)
and by (31)
∑
χ 6=χ0 ( mod Q)
h+(χ)|M(χ)|2 ≪
φ(Q)κ|PQ|
(degQ)2d
. (33)
It follows from the last two estimates that there exists a χ(modQ) and a positive
constant c such that
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M(χ) ≤
c
(degQ)d
.
By taking degQ large enough we can make this less than ǫ/2. It then follows from
(30) that for this χ
max
s∈C
| logL(s, χ)− f(s)| < ǫ.
This implies that
max
s∈C
| log |L(s, χ)/F (s)|| < ǫ,
or
e−ǫ < max
s∈C
|L(s, χ)/F (s)| < eǫ.
From this and the fact that F (s) has a positive minimum value on C , we obtain (6)
on changing the value of ǫ.
So far we know there exists at least one χ such that (6) holds. To complete the
proof of Theorem 4 we must show that (6) holds for a positive proportion of the
characters χ(modQ). To do this we argue as follows.
Define
G = {χ 6= χ0(modQ) : M(χ) ≤ (degQ)
−d/2}
and
B = {χ 6= χ0(modQ) : M(χ) > (degQ)
−d/2}.
Then |G ∪ B| = φ(Q)− 1 and, by (33),
∑
χ∈G
h+(χ)|M(χ)|2 +
∑
χ∈B
h+(χ)|M(χ)|2 ≪
φ(Q)κ|PQ |
(degQ)2d
.
Thus
(degQ)−d
∑
χ∈B
h+(χ) <
∑
χ∈B
h+(χ)|M(χ)|2 ≪
φ(Q)κ|PQ |
(degQ)2d
,
and so
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∑
χ∈B
h+(χ)≪
φ(Q)κ|PQ|
(degQ)d
.
From this and (32)
∑
χ∈G
h+(χ) = (1 +O(1/(degQ)d))κ|PQ|φ(Q) ,
since 0 < d < 1/2. Now h+(χ) ≤ 1, so
|G| ≥
∑
χ∈G
h+(χ) = (1 +O(1/(degQ)d))κ|PQ|φ(Q).
Thus, we haveM(χ) ≤ (degQ)−d/2 for at least (1+o(1))κ|PQ |φ(Q) charachters
χ, that is, for a positive proportion of the φ(Q) characters χ(modQ). This com-
pletes the proof of Theorem 4.
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